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Abstract
An Euler tour in a hypergraph is a closed walk that traverses each edge of the
hypergraph exactly once, while an Euler family, first defined by Bahmanian and Sˇajna,
is a family of closed walks that jointly traverse each edge exactly once and cannot be
concatenated. In this paper, we study the notions of a spanning Euler tour and a
spanning Euler family, that is, an Euler tour (family) that also traverses each vertex
of the hypergraph at least once. We examine necessary and sufficient conditions for
a hypergraph to admit a spanning Euler family, most notably, when the hypergraph
possesses a vertex cut consisting of vertices of degree two. Moreover, we characterise
hypergraphs with a vertex cut of cardinality at most two that admit a spanning Euler
tour (family). This result enables us to reduce the problem of existence of a spanning
Euler tour (which is NP-complete), as well as the problem of a spanning Euler family,
to smaller hypergraphs.
Keywords: Hypergraph; Euler tour; spanning Euler tour; Euler family; spanning Euler
family; vertex cut.
1 Introduction
One of the best known and most accessible results in graph theory, Euler’s Theorem, states
that a connected graph admits an Euler tour — that is, a closed walk traversing each edge
of the graph exactly once — if and only if all vertices of the graph have even degree. In
addition to the most obvious way to generalise the notion of an Euler tour to hypergraphs,
which has been studied in [5, 2, 1], Bahmanian and Sˇajna [2, 1] also introduced the notion
of an Euler family, which is a family of closed walks that jointly traverse each edge of the
hypergraph exactly once and cannot be concatenated. For connected graphs, the notions
of an Euler tour and Euler family coincide; for general connected hypergraphs, however,
∗Main author. Email: ystei087@uottawa.ca. Mailing address: Department of Mathematics and Statistics,
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they give rise to two rather distinct problems, the former NP-complete and the latter of
polynomial complexity [5, 1].
In this paper, we investigate eulerian substructures that are spanning; that is, in addition
to traversing each edge exactly once, they also traverse each vertex of the hypergraph at least
once. In a connected graph, every Euler tour is spanning; in a general connected hypergraph,
however, not every Euler tour or family is spanning.
This paper is organised as follows. After an overview of basic hypergraph terminology
in Section 2, we present in Section 3.1 some basic necessary conditions for a hypergraph to
admit a spanning Euler family, as well as a characterisation of such hypergraphs via their
incidence graphs. In Sections 3.2–3.5, we then focus on the impact of particular vertex cuts
on the existence of a spanning Euler tour (family). In our first main result, Theorem 3.7,
we show that a hypergraph H with a minimal vertex cut consisting of vertices of degree two
admits a spanning Euler family if and only if some of its derived hypergraphs (hypergraphs
closely related to particular subhypergraphs of H) admit spanning Euler families. Moreover,
in Theorems 3.9 and 3.18–3.21, we show that a hypergraph with a vertex cut of cardinality at
most two admits a spanning Euler family (tour) if and only if some of its derived hypergraphs
admit spanning Euler families (tours). Hence, when studying the problem of existence of a
spanning Euler family or tour, it suffices to consider connected hypergraphs without such
vertex cuts, thereby reducing the problem.
2 Preliminaries
We begin with some basic concepts related to hypergraphs, which will be used in later
discussions. For any graph- and hypergraph-theoretic terms not defined here, we refer the
reader to [4] and [3], respectively.
A hypergraph H is an ordered pair (V,E), where V is a non-empty finite set and E is a
finite multiset of 2V . (To denote multisets, we shall use double braces, { .}}.) The elements
of V = V (H) and E = E(H) are called vertices and edges, respectively. A hypergraph is
said to be empty if it has no edges.
Let H = (V,E) be a hypergraph, and u, v ∈ V . If u 6= v and there exists an edge e ∈ E
such that u, v ∈ e, then we say that u and v are adjacent (via the edge e), and that u is a
neighbour of v in H . The set of all neighbours of v in H is called the neighbourhood of v in
H , and is denoted by NH(v). Two distinct edges e, f ∈ E are adjacent in H if e ∩ f 6= ∅. If
v ∈ V and e ∈ E are such that v ∈ e, then v is said to be incident with e, and the ordered
pair (v, e) is called a flag of H . The set of flags of H is denoted by F (H). The degree of a
vertex v ∈ V is the number of edges in E incident with v, and is denoted by degH(v), or
simply deg(v) when there is no ambiguity. A vertex of degree 1 is called pendant.
The incidence graph of a hypergraph H = (V,E) is the graph G(H) = (VG, EG) where
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VG = V ∪E and EG = {ve : (v, e) ∈ F (H)}. Hence, G(H) is simple with bipartition {V,E},
and EG can be identified with the flag set F (H). Furthermore, we call x ∈ VG a v-vertex if
x ∈ V , and an e-vertex if x ∈ E.
A hypergraph H ′ = (V ′, E ′) is called a subhypergraph of the hypergraph H = (V,E)
if V ′ ⊆ V and E ′ = {{e ∩ V ′ : e ∈ E ′′}} for some submultiset E ′′ of E. For any subset
V ′ ⊆ V , we define the subhypergraph of H induced by V ′ to be the hypergraph (V ′, E ′) with
E ′ = {{e ∩ V ′ : e ∈ E, e ∩ V ′ 6= ∅} . Thus, we obtain the subhypergraph induced by V ′ by
deleting all vertices in V − V ′ from V and from each edge of H , and subsequently deleting
all empty edges. By H\V ′ we denote the subhypergraph of H induced by V − V ′, and for
v ∈ V , we write shortly H\v instead of H\{v}. Similarly, for any subset E ′ ⊆ E, we denote
the subhypergraph (V,E − E ′) of H by H − E ′, and for e ∈ E, we write H − e instead of
H − {e}.
A k-length (v0, vk)-walk in a hypergraph H is an alternating sequence W = v0e1v1 . . .
vk−1ekvk of (possibly repeated) vertices and edges such that v0, . . . , vk ∈ V , e1, . . . , ek ∈ E,
and for each i ∈ {1, . . . , k}, the vertices vi−1 and vi are adjacent in H via the edge ei.
Note that since adjacent vertices are by definition distinct, no two consecutive vertices in
a walk can be the same. It follows that no walk in a hypergraph may contain an edge
of cardinality less than 2. The vertices in Va(W ) = {v0, . . . , vk} are called the anchors
of W , v0 and vk are the endpoints of W , and v1, . . . , vk−1 are the internal vertices of W .
We also define the edge set of W as E(W ) = {e1, . . . , ek}, and the set of anchor flags
of W as F (W ) = {(v0, e1), (v1, e1), (v2, e2), . . . , (vk−1, ek), (vk, ek)}. Walks W and W
′ in a
hypergraph H are said to be edge-disjoint if E(W ) ∩ E(W ′) = ∅, and anchor-disjoint if
Va(W ) ∩ Va(W
′) = ∅.
A walk W = v0e1v1 . . . vk−1ekvk is called closed if v0 = vk and k ≥ 2; a (strict) trail if
the edges e1, . . . , ek are pairwise distinct; a path if it is a trail and the vertices v0, . . . , vk are
pairwise distinct; and a cycle if it is a closed trail and the vertices v0, . . . , vk−1 are pairwise
distinct. Note that a strict trail as defined above has no repeated anchor flags. In [3], a
walk with this property, but possibly with repeated edges, was called a trail. In this paper,
we shall consider only strict trails, and hence use the shorter term “trail” to mean a “strict
trail”.
A walk W = v0e1v1 . . . vk−1ekvk is said to traverse a vertex v and edge e if v ∈ Va(W )
and e ∈ E(W ), respectively. More precisely, W traverses e ∈ E exactly t times if e = ei for
exactly t indices i ∈ {1, . . . , k}, and traverses v ∈ V exactly t times if v = vi for exactly t
indices i ∈ {1, . . . , k} in the caseW is closed, and exactly t indices i ∈ {0, 1, . . . , k} otherwise.
Vertices u and v are connected in a hypergraphH if there exists a (u, v)-walk (equivalently,
a (u, v)-path [3, Lemma 3.9]) in H , and H itself is connected if every pair of vertices in V are
connected in H . The connected components of H are the maximal connected subhypergraphs
of H without empty edges. The number of connected components of H is denoted by c(H).
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Figure 1: The incidence graphs of two (connected) hypergraphs that admit an Euler family
but no spanning Euler family (v-vertices are coloured black).
An Euler tour of a hypergraph H is a closed trail of H traversing every edge of H . An
Euler family of H is a set of pairwise edge-disjoint and anchor-disjoint closed trails of H
jointly traversing every edge of H .
3 Spanning Euler tours and spanning Euler families
Definition 3.1 An Euler tour T of a hypergraph H is said to be spanning if every vertex
of H is an anchor of T . An Euler family F of a hypergraph H is said to be spanning if every
vertex of H is an anchor of exactly one trail in F .
A (spanning) Euler tour may be thought of as a (spanning) Euler family consisting of
a single closed trail; however, a hypergraph may admit a spanning Euler family but no
spanning Euler tour (see Figure 3).
Observe that a hypergraph admits a spanning Euler family if and only if each of its
connected components admits a spanning Euler family. Therefore, we may limit our investi-
gation of spanning Euler families to connected hypergraphs, and since empty edges have no
impact on connectedness, we shall assume our hypergraphs have no empty edges.
3.1 General existence results
Clearly, any hypergraph with a spanning Euler family also admits an Euler family. The
converse, however, does not hold, as illustrated by the two examples in Figure 1. A general
example is obtained from any hypergraph H that admits an Euler family by adjoining a new
vertex to a single edge of H ; the resulting hypergraph has an Euler family but no spanning
Euler family, because no closed trail can traverse a pendant vertex. These examples suggest
some basic necessary conditions for a hypergraph to have a spanning Euler family.
Lemma 3.2 Let H = (V,E) be a hypergraph. If H admits a spanning Euler family, then
(i) |e| ≥ 2 for all e ∈ E,
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(ii) degH(v) ≥ 2 for all v ∈ V ,
(iii) 2 ≤ |V | ≤ |E|, and
(iv) for each subset E ′ ⊆ E such that |E ′| = k ≥ 2, the cardinality of the set{
v ∈
⋂
e∈E′
e : degH(v) = k
}
is at most k.
Proof. (i) and (ii) are easy to see.
(iii) Let F be a spanning Euler family of H . Since each closed trail in F traverses at least
2 vertices, we have |V | ≥ 2. Next, observe that if T = v0e1v1 · · · vn−1env0 is a closed
trail in H , then |E(T )| = n and |Va(T )| ≤ n. Since each vertex and each edge of H
occur in exactly one of the closed trails in F , it follows that |V | ≤ |E|.
(iv) Let E ′ ⊆ E be such that |E ′| = k ≥ 2. Define the set S =
{
v ∈
⋂
e∈E′ e : degH(v) = k
}
,
and let ℓ = |S|. Take any spanning Euler family F of H and let F (F) be the set of
all flags traversed by the closed trails in F . Observe that exactly 2k flags in F (F)
contain edges of E ′, and at least 2ℓ flags in F (F) contain vertices in S. Since every
flag containing a vertex in S must also contain an edge in E ′, it follows that 2ℓ ≤ 2k.
Observe that the examples in Figure 1 fail Conditions (iii) and (iv), respectively. It
is natural to ask whether the necessary conditions in Lemma 3.2 are also sufficient. The
example in Figure 2 shows that this is not the case. Observe that this hypergraph, call it
H , has a cut vertex v, and that for one of the connected components of H\v, call it H1,
neither H1 nor the subhypergraph of H induced by V (H1) ∪ {v} admits a spanning Euler
family (see Theorem 3.9). This example suggests that, in order to determine whether a
hypergraph admits a spanning Euler family, it is important to consider its cut vertices (and,
more generally, vertex cuts), which will be the topic of the remaining sections.
v
Figure 2: The incidence graph of a hypergraph that satisfies the necessary conditions in
Lemma 3.2 but has no spanning Euler family (v-vertices are coloured black).
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We briefly mention two other characterisations of hypergraphs admitting spanning Euler
families (and tours). The first one, a characterisation in terms of the incidence graph, is
analogous to the characterisation of hypergraphs admitting general Euler families and Euler
tours; see [2, Theorem 2.18] and [1, Lemma 1]. The proof is similar, straightforward, and
hence omitted.
Theorem 3.3 Let H = (V,E) be a non-empty connected hypergraph, and G = G(H) its
incidence graph. Then, H has a spanning Euler family if and only if G has a subgraph G′ in
which every e-vertex is of degree 2 and every v-vertex is of positive even degree. Moreover,
H has a spanning Euler tour if and only if G has such a subgraph with a single connected
component.
The second characterisation of hypergraphs admitting spanning Euler families can be
obtained just as in [1, Corollary 6.2] using Lovasz’s Theorem [6], which gives necessary and
sufficient conditions for the existence of a (g, f)-factor in a graph. The resulting necessary and
sufficient conditions for a hypergraph to admit a spanning Euler family are rather complex
and not easily verifiable.
Since the problem of existence of an Euler tour is NP-complete even on some restricted
families of hypergraphs [5], so is the problem of existence of a spanning Euler tour. In con-
trast, the problem of existence of an Euler family is polynomial on the set of all hypergraphs
[1, Theorem 7.2], and the same result for spanning Euler families can be proved in a very
similar way, using a polynomial conversion to the problem of existence of an f -factor in a
graph.
3.2 Vertex cuts
As we shall see, vertex cuts (to be defined below) play an important role in the existence of
spanning eulerian substructures in a hypergraph.
Definition 3.4 Let H = (V,E) be a hypergraph. A subset S ( V is said to be a vertex cut
of H if H\S is disconnected. A k-vertex cut of H is a vertex cut of cardinality k.
Recall that a cut vertex in a hypergraph H with at least 2 vertices is a vertex v such
that c(H\v) > c(H) [3, Definition 3.22]. Thus, in a connected hypergraph, cut vertices
correspond precisely to 1-vertex cuts. A vertex cut S of H is said to be minimal if no proper
subset of S is a vertex cut of H .
The following basic observations on (minimal) vertex cuts in a hypergraph will be helpful
in the proofs of our main results. For an edge e of a hypergraph H = (V,E), we say that e
intersects a set S ⊆ V if e∩S 6= ∅, and e intersects a subhypergraph H ′ of H if e∩V (H ′) 6= ∅.
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Lemma 3.5 Let H = (V,E) be a connected hypergraph and S a vertex cut of H. Then the
following hold.
(1) Every edge intersecting S contains vertices from at most one connected component of
H\S.
(2) If S is a minimal vertex cut, then
(a) each vertex in S is adjacent in H to at least one vertex in each connected component
of H\S; and
(b) 2 ≤ c(H\S) ≤ min{degH′(v) : v ∈ S}, where H
′ = H − E ′ and E ′ = {e ∈ E : e ⊆
S}.
Proof. Let H1, . . . , Hk be the connected components of H\S, so c(H\S) = k.
(1) Suppose there exists an edge e intersecting S such that e∩V (Hi) 6= ∅ and e∩V (Hj) 6= ∅
for i 6= j. Then e′ = e−S is an edge ofH\S intersecting two of its connected components,
a contradiction.
(2) Assume S is a minimal vertex cut.
(a) Take any v ∈ S and let S ′ = S−{v}. Suppose there exists i ∈ {1, 2, . . . , k} such that
NH(v) ∩ V (Hi) = ∅. Then, for any u ∈ V (Hi), we have that NH(u) ⊆ V (Hi) ∪ S
′.
It follows that S ′ is a vertex cut of H , contradicting the minimality of S. Hence
NH(v) ∩ V (Hi) 6= ∅ for all i.
(b) Clearly, k ≥ 2. It remains to show that k ≤ d, where d = min{degH′(v) : v ∈ S}.
Let v ∈ S be such that degH′(v) = d. By (a), vertex v is adjacent in H to at least
one vertex in each of H1, . . . , Hk, and by (1), each of the edges incident with v in H
intersects at most one Hi. Since the edges in E
′ intersect no Hi, we have k ≤ d.
In the remainder of this paper, we shall focus on the impact of particular vertex cuts on
the existence of a spanning Euler family or tour in a hypergraph H . First, we define the
hypergraphs related to H and its chosen vertex cut S that will play a crucial role in the
reduction of the problem.
Definition 3.6 Let H = (V,E) be a connected hypergraph and S ( V a vertex cut of H .
Let F be any connected component of H\S.
• The S-component F ′ of H corresponding to F is the subhypergraph (V ′, E ′) of H with
V ′ = V (F ) ∪ S and E ′ = {{e ∈ E : e ⊆ V ′, e 6= ∅}}.
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• If |S| is even, we define the S*-component F ∗ of H corresponding to F as the hypergraph
obtained from the S-component F ′ corresponding to F by adjoining |S|
2
copies of the
edge S.
For a hypergraph H with a vertex cut S such that c(H\S) = k, we generally denote
the connected components of H\S by H1, . . . , Hk, the corresponding S-components of H by
H ′1, . . . , H
′
k, and the corresponding S
∗-components (if |S| is even) by H∗1 , . . . , H
∗
k . We shall
refer to all these hypergraphs as the derived hypergraphs of H (with respect to the vertex cut
S).
3.3 Minimal vertex cuts consisting of vertices of degree two
We are now ready for our first main result — the characterisation of hypergraphs with
minimal vertex cuts consisting of vertices of the smallest degree possible that admit spanning
Euler families.
Theorem 3.7 Let H be a connected hypergraph with a minimal vertex cut S such that
degH(v) = 2 for all v ∈ S.
(1) If |S| is odd, then H admits no spanning Euler family.
(2) If |S| is even, then H admits a spanning Euler family if and only if both S∗-components
of H admit a spanning Euler family,
Proof. From Lemma 3.5, it follows that H\S has exactly two connected components, H1
and H2, that the sets Ei = {e ∈ E : e ∩ V (Hi) 6= ∅}, for i = 1, 2, form a partition of E, and
each vertex in S is incident with exactly one edge from each of E1 and E2.
(1) Assume |S| is odd, and suppose F is a spanning Euler family of H . Let T be any
closed trail in F that traverses at least one vertex in S. Then T must be of the form
v0T0v1T1v2 . . . vn−1Tn−1v0 where v0, . . . , vn−1 ∈ S and, for each i ∈ Zn, Ti is a (vi, vi+1)-
trail with no internal vertices in S. It follows that E(T0), E(T1), . . . , E(Tn−1) are alter-
nately contained in E1 and E2, whence n must be even. Since the trails in F are pairwise
anchor-disjoint, jointly traverse all vertices in S, and each traverses an even number of
vertices in S, it follows that |S| is even, a contradiction.
(2) Assume |S| is even, so that the two S∗-components H∗1 and H
∗
2 are well-defined.
Let F be a spanning Euler family of H . We show that H∗1 admits a spanning Euler
family (the proof for H∗2 is analogous). Let F1 be the set of closed trails in F traversing
edges in E1. For any T ∈ F1, we construct a closed trail T
′ in H∗1 as follows. If
T traverses no vertices of S, we let T ′ = T . Otherwise, as above, T is of the form
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SFigure 3: The incidence graph of a hypergraph H with a vertex cut S such that H admits
a spanning Euler family and both S∗-components admit spanning Euler tours, but H does
not admit a spanning Euler tour (v-vertices are coloured black).
v0T0v1T1v2 . . . vn−1Tn−1v0 where n is even, v0, . . . , vn−1 are the only anchors of T in S,
and the edge sets of the (vi, vi+1)-subtrails Ti are alternately contained in E1 and E2.
Obtain T ′ by replacing each subtrail Ti that traverses edges of E2 with a new copy of
the edge S in H∗1 . Thus T
′ traverses precisely the same edges in E1 as T , together with
n
2
copies of the edge S. Since the trails in F1 jointly traverse each vertex in S exactly
once, the closed trails in F ′1 = {T
′ : T ∈ F1} jointly traverse each of the
|S|
2
copies of
the edge S in H∗1 exactly once, in addition to every edge of E1. It follows that F
′
1 is a
spanning Euler family of H∗1 .
Conversely, assume both S∗-components admit a spanning Euler family. Fix i ∈ {1, 2},
and let Fi be a spanning Euler family of H
∗
i . Consider any T ∈ Fi that traverses vertices
of S. Since every vertex v ∈ S is incident in H∗i with exactly one edge in Ei and
|S|
2
copies of the edge S, it follows that T is of the form v0T0v1Sv2 . . . vn−2Tn−2vn−1Sv0 where
n is even, v0, . . . , vn−1 are the only anchors of T in S, and the edge sets of the subtrails
T0, T2, . . . , Tn−2 are all contained in E1. Let Ti be the family of all subtrails Tj that occur
in any closed trail T ∈ Fi traversing vertices of S, and observe that each vertex v ∈ S
occurs as an endpoint of exactly one subtrail in Ti. It follows that the subtrails in T1∪T2
can be suitably concatenated to form a family FS of anchor- and edge-disjoint closed
trails in H . Finally, if we let F∗ be the family of all trails in F1 ∪ F2 that traverse no
vertices of S, then FS ∪ F
∗ is a spanning Euler family of H .
A minor modification to the above proof yields a weaker result for spanning Euler tours.
Corollary 3.8 Let H be a connected hypergraph with a minimal vertex cut S such that
degH(v) = 2 for all v ∈ S. If H admits a spanning Euler tour, then |S| is even and both
S∗-components of H admit a spanning Euler tour.
Note that the converse of Corollary 3.8 does not hold; an example is shown in Figure 3.
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3.4 Cut vertices
We next examine spanning Euler families and tours in connected hypergraphs with vertex
cuts of smallest possible cardinality.
Theorem 3.9 Let H = (V,E) be a connected hypergraph with a cut vertex v. Let H1, . . . , Hk
be the connected components of H\v, and H ′1, . . . , H
′
k the corresponding {v}-components.
Then H has a spanning Euler family if and only if
(1) for some i ∈ {1, . . . , k}, the {v}-component H ′i admits a spanning Euler family , and
(2) for each i ∈ {1, . . . , k}, at least one of Hi and H
′
i admits a spanning Euler family.
Proof. Assume H has a spanning Euler family F . We show that (1) and (2) hold.
(1) Let T be the unique trail in F that traverses v. Then T is equivalent (see Definition 3.12)
to a concatenation of (v, v)-trails T1, . . . , Tk, where for each index j, the trail Tj is
contained in the {v}-component H ′j but may be trivial (of length 0). Since T is non-
trivial, there exists an index i such that Ti is non-trivial. Obtain a closed trail T
′ from T
by deleting all (v, v)-subtrails not contained in H ′i. Let Fi be the set of all closed trails
in F − {T} that traverse vertices in H ′i (and hence do not traverse v). Then Fi ∪ {T
′}
is a spanning Euler family of H ′i.
(2) Let i ∈ {1, . . . , k} be such that H ′i does not admit a spanning Euler family, and let Fi
be the set of all closed trails traversing vertices in Hi. By the proof of (1), no trail in
Fi traverses v, and hence every trail in Fi traverses only vertices in Hi and edges in H
′
i.
By replacing each edge e in the trails of Fi with e − {v}, we obtain a spanning Euler
family of Hi.
Conversely, assume that (1) and (2) hold. Let ℓ ∈ {1, . . . , k} be such that H ′ℓ admits a
spanning Euler family Fℓ, while for each i 6= ℓ, let Fi be a spanning Euler family of either
Hi or H
′
i. For each i ∈ {1, . . . , k}, we construct a family F
′
i of closed trails in H as follows.
If Fi is a spanning Euler family of H
′
i, then let F
′
i = Fi. Otherwise, obtain F
′
i from
Fi by replacing each edge e in the trails of Fi with the corresponding edge e
′ ∈ E, so that
either e′ = e or e′ = e ∪ {v}. It can then be verified that F =
⋃k
i=1F
′
i is a family of edge-
disjoint closed trails in H that traverse every vertex and every edge of H . By appropriately
concatenating the trails in F we obtain a spanning Euler family of H .
With a slight modification to the above proof we obtain the analogous result for spanning
Euler tours.
Corollary 3.10 Let H = (V,E) be a connected hypergraph with a cut vertex v. Then H
has a spanning Euler tour if and only if every {v}-component of H admits a spanning Euler
tour.
10
By virtue of this result, if a hypergraph H = (V,E) has a cut vertex v, the problem
of determining whether or not H admits a spanning Euler family (tour) can be reduced
to the equivalent problem on the {v}-components of H and the connected components of
H\v. This reduction can be applied recursively, and so we need only solve the problem of
determining whether particular subhypergraphs of H without cut vertices have a spanning
Euler family (tour).
3.5 Vertex cuts of cardinality two
We shall now consider the effect of 2-vertex cuts on the existence of spanning Euler families
and tours. First, we need to develop some additional concepts. Recall that for any trail T ,
the anchor flags in F (T ) are pairwise distinct. Hence the following definition makes sense.
Definition 3.11 Let T be a trail in a hypergraph H . The incidence graph of T , denoted
G(T ), is the subgraph of G(H) with vertex set Va(T )∪E(T ) and edge set F (T ). Furthermore,
if T is a family of pairwise edge-disjoint trails in H , then we define the incidence graph of
T , denoted G(T ), as the (edge-disjoint) union of the incidence graphs of all the trails in T .
Definition 3.12 Let T and T ′ be two families of pairwise edge-disjoint trails in a hyper-
graph H . We call T and T ′ equivalent, denoted T ≡ T ′, if G(T ) = G(T ′).
Clearly, ≡ is an equivalence relation on the set of families of pairwise edge-disjoint trails
of H . We now take a look at families of cycles, which will be particularly useful in the rest
of this paper.
Definition 3.13 Let T be a family of pairwise edge-disjoint closed trails in a hypergraph
H , and C a family of pairwise edge-disjoint cycles in H . Then C is said to be a cycle
decomposition of T if T ≡ C.
A family of pairwise edge-disjoint cycles that jointly traverse every vertex and every edge
of H is called a spanning cycle decomposition of H .
With the help of [3, Lemma 3.6] and Theorem 3.3, the following observations are then
easy to see.
Lemma 3.14 Let H be a hypergraph.
(1) Every family of pairwise edge-disjoint closed trails in H admits a cycle decomposition.
(2) A family of cycles of H is a spanning cycle decomposition of H if and only if it is a
cycle decomposition of a spanning Euler family of H.
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(3) A spanning cycle decomposition C of H is a cycle decomposition of an Euler tour of H
if and only if G(C) is connected.
Proof.
(1) Let T be any family of pairwise edge-disjoint closed trails in H . The incidence graph of
T is an even subgraph of G(H) and hence admits a cycle decomposition CG. The family
of cycles in H that correspond to the cycles in CG forms a cycle decomposition of T .
(2) Let C be a spanning cycle decomposition of H . The incidence graph of C is a spanning
even subgraph of G(H), hence its connected components G1, . . . , Gk admit Euler tours
T1, . . . , Tk, respectively. Let T
H
1 , . . . , T
H
k be the closed trails of H corresponding to
T1, . . . , Tk, respectively. Then F = {T
H
1 , . . . , T
H
k } is a spanning Euler family of H , and
F ≡ C. Hence C is a cycle decomposition of a spanning Euler family of H . The converse
follows straight from the definition.
(3) If G(C) is connected, then in the proof of (2) we have k = 1, so T1 is a spanning Euler
tour of H . Conversely, if C is a cycle decomposition of a spanning Euler tour T of H ,
then G(C) = G(T ), so G(C) is connected.
We shall now develop a tool that will allow us to classify closed trails in a hypergraph
relative to a vertex subset of cardinality 2.
Definition 3.15 Let H = (V,E) be a hypergraph, and S ⊆ V such that |S| = 2. Further-
more, let ES = {{e ∈ E : e = S}}.
For a closed trail T in H , we define parameters a(T ), b(T ), and c(T ) as follows:
• a(T ) is the number of times vertices in S are traversed by T (that is, the number of
vertices in the sequence T that lie in S, counting the endpoints of T as one occurrence);
• b(T ) is the number of edges of ES traversed by T ; and
• c(T ) is the number of connected components Hi of H\S such that T traverses at least
one edge intersecting Hi.
The triple (a(T ), b(T ), c(T )) is called the S-type of the trail T .
Observe that if a trail traverses a vertex in a connected component Hi of H\S, then it
must also traverse an edge intersecting Hi, and recall from Lemma 3.5 that no edge of H
intersects more than one connected component of H\S.
The following is easy to establish, and cycles of different S-types are illustrated in Fig-
ure 4.
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S-type (2, 2, 0)
C
Figure 4: Cycles of different S-types.
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Lemma 3.16 Let H = (V,E) be a hypergraph, and S ⊆ V such that |S| = 2. Furthermore,
let ES = { e ∈ E : e = S} , and let C be a cycle of H. Then the S-type of C is in the set
{(0, 0, 1), (1, 0, 1), (2, 0, 1), (2, 0, 2), (2, 1, 1), (2, 2, 0)}.
We say that a cycle requires completion (with respect to S) if it is of S-type (2, 0, 2) or
(2, 1, 1). The following lemma will be our most important tool in the proofs of Theorems 3.18–
3.21.
Lemma 3.17 Let H = (V,E) be a hypergraph, S ⊆ V such that |S| = 2, ES = { e ∈ E : e = S} ,
and H1, . . . , Hk the connected components of H\S. Then any spanning Euler family of H
admits a cycle decomposition C such that:
(1) for each i ∈ {1, . . . , k}, at most one cycle in {C ∈ C : e∩V (Hi) 6= ∅ for some e ∈ E(C)}
requires completion,
(2) if |ES| is even, no cycle in C is of type (2, 1, 1), and
(3) if |ES| is odd, exactly one cycle in C is of type (2, 1, 1).
Proof. Let F be any spanning Euler family of H . For any cycle decomposition C of F
(which exists by Lemma 3.14) and every i ∈ {1, . . . , k}, we denote Ci = {C ∈ C : e∩V (Hi) 6=
∅ for some e ∈ E(C)}. Furthermore, we define RC(C, i) as the number of cycles in Ci that
require completion.
Let C be a cycle decomposition of F that minimises
∑k
i=1RC(C, i), and suppose that
RC(C, j) ≥ 2 for some j ∈ {1, . . . , k}. Let C,C ′ ∈ Cj be two cycles requiring completion.
If C and C ′ are both of S-type (2,1,1), then {C,C ′} ≡ {T, C ′′} where T is a closed
trail of S-type (2,0,1) and C ′′ is a cycle of S-type (2,2,0). Furthermore, {T} has a cycle
decomposition CT containing no cycles requiring completion. Replacing the subset {C,C
′}
of C with CT ∪ {C
′′}, we thus obtain a cycle decomposition C′ of F such that RC(C′, j) =
RC(C, j)− 2 and RC(C′, i) = RC(C, i) for all i 6= j, contradicting the choice of C.
If C and C ′ are both of S-type (2,0,2), then {C,C ′} ≡ {T, T ′} where T is a closed trail
of S-type (2,0,1) and T ′ is a closed trail of S-type (2,0,1) or (2,0,2). The first case occurs
when C,C ′ ∈ Cj ∩ Cℓ for some ℓ 6= j. Replacing the subset {C,C
′} of C with the union of
cycle decompositions of {T} and {T ′}, we obtain a cycle decomposition C′ of F such that
RC(C′, i) = RC(C, i) − 2 for i ∈ {j, ℓ} and RC(C′, i) = RC(C, i) for all i 6∈ {j, ℓ}. The
second case occurs when C ∈ Cj ∩ Cℓ and C
′ ∈ Cj ∩ Cm for j, ℓ,m pairwise distinct. We
can then construct a cycle decomposition C′ of F such that RC(C′, j) = RC(C, j) − 2 and
RC(C′, i) = RC(C, i) for all i 6= j. In both cases, we have a contradiction.
Finally, suppose C is of S-type (2,1,1) and C ′ is of S-type (2,0,2). Then {C,C ′} ≡ {T, T ′}
where T is a closed trail of S-type (2,0,1) and T ′ is a closed trail of S-type (2,1,1). If ℓ 6= j
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is such that C ′ ∈ Cj ∩ Cℓ, then an appropriate replacement results in a cycle decomposition
C′ of F such that RC(C′, j) = RC(C, j)− 2 and RC(C′, i) = RC(C, i) for all i 6= j, including
i = ℓ. Again, we have a contradiction with the choice of C.
We conclude that RC(C, i) ≤ 1 for all i ∈ {1, . . . , k}, so C satisfies (1).
Now let C be a cycle decomposition for F that satisfies (1) and, among such cycle de-
compositions, also contains the smallest number of cycles of S-type (2,1,1). Observe that
the number of cycles in C of S-type (2,1,1) is even if |ES| is even, and odd otherwise. Hence
it remains to show that C has at most one cycle of S-type (2,1,1).
Suppose, to the contrary, that C1, C2 are two cycles in C of S-type (2,1,1), where neces-
sarily C1 ∈ Ci and C2 ∈ Cj for i 6= j. Then {C1, C2} ≡ {C
′
1, C
′
2}, where C
′
1 is of S-type (2,0,2)
and C ′2 is of S-type (2,2,0). Replacing the subset {C1, C2} of C with {C
′
1, C
′
2}, we obtain a
cycle decomposition C′ of F such that RC(C′, i) = RC(C, i) for all i while C′ contains fewer
cycles of S-type (2,1,1) — a contradiction.
Hence C satisfies Properties (2) and (3) as well.
We are now ready for our last main result — the characterisation of hypergraphs with
2-vertex cuts that admit a spanning Euler family (split between Theorems 3.18 and 3.20) or
spanning Euler tour (split between Theorems 3.19 and 3.21).
Theorem 3.18 Let H = (V,E) be a hypergraph with a 2-vertex cut S = {u, v}, let ES =
{{e ∈ E : e = S}}, and assume |ES| is even. Let H1, . . . , Hk be the connected components of
H\S; H ′1, . . . , H
′
k the corresponding S-components; and H
∗
1 , . . . , H
∗
k the corresponding S
∗-
components. Then H admits a spanning Euler family if and only if there exists an even-size
subset I ⊆ {1, . . . , k} such that
(1) H∗i admits a spanning Euler family for each i ∈ I;
(2) for each i 6∈ I, at least one of Hi, H
′
i, H
′
i\u, and H
′
i\v admits a spanning Euler family;
and
(3) if I = ∅, then at least one of the following holds:
(a) H ′i admits a spanning Euler family for some i;
(b) H ′i\u and H
′
j\v admit spanning Euler families for some i 6= j.
Proof. (⇒) Assume H admits a spanning Euler family F . By Lemma 3.17, there exists
a cycle decomposition C of F such that for each i ∈ {1, . . . , k}, the set Ci = {C ∈ C :
e∩V (Hi) 6= ∅ for some e ∈ E(C)} contains at most one cycle requiring completion, which is
of S-type (2,0,2). Let CS = {C ∈ C : E(C) = {S}} and observe that the cycles in CS traverse
all edges of ES (possibly vacuously). Let I be the set of indices i ∈ {1, . . . , k} such that Ci
has a cycle of S-type (2,0,2), and observe that |I| is even.
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Take any i ∈ {1, . . . , k}. In each case we construct a spanning cycle decomposition C′i of
one the hypergraphs Hi, H
′
i, H
∗
i , H
′
i\u, and H
′
i\v.
Case (i): i ∈ I. Then Ci contains a unique cycle Ci requiring completion, namely, of
S-type (2,0,2). Let Pi be the unique (u, v)-path in Ci whose internal vertices lie in Hi.
Complete Pi to a cycle C
′
i of S-type (2,1,1) in H
∗
i using the additional copy of the edge S.
Then C′i = (Ci − {Ci}) ∪ CS ∪ {C
′
i} is a spanning cycle decomposition for H
∗
i .
Case (ii): i 6∈ I, and ES 6= ∅ or Ci has cycles traversing u and cycles traversing v. Then
C′i = Ci ∪ CS is a spanning cycle decomposition for H
′
i.
Case (iii): i 6∈ I, ES = ∅, and Ci has a cycle traversing u but none traversing v. Observe
that the cycles of Ci traverse every edge of H
′
i and every vertex in H
′
i except v. Obtain a
spanning cycle decomposition C′i for H
′
i \v by replacing every edge e in every cycle in Ci with
e− {v}.
Case (iv): i 6∈ I, ES = ∅, and Ci has a cycle traversing v but none traversing u. This is
analogous to Case (iii).
Case (v): i 6∈ I, ES = ∅, and Ci has no cycles traversing vertices of S. Obtain a spanning
cycle decomposition C′i for Hi by replacing every edge e in every cycle in Ci with e− S.
In each case, we have a spanning cycle decomposition C′i of the corresponding hypergraph,
so by Lemma 3.14(2), Statements (1) and (2) follow. Moreover, since C contains a cycle
traversing u, there exists an index i such that at least one of Cases (i)-(iii) holds for i. And
since C contains a cycle traversing v, if Cases (i)-(ii) hold for no index ℓ, then there exists
j 6= i such that Case (iv) holds for index j. Hence (3) follows as well.
(⇐) Assume there exists an even-size subset I ⊆ {1, . . . , k} such that (1)-(3) hold. If
I 6= ∅, then for each i ∈ I, let Fi be a spanning Euler family of H
∗
i , and for each i 6∈ I, let
Fi be a spanning Euler family of one of the hypergraphs Hi, H
′
i, H
′
i\u, and H
′
i\v.
If I = ∅, then either choose ℓ ∈ {1, . . . , k} such that H ′ℓ has a spanning Euler family
Fℓ, or else choose distinct s, t ∈ {1, . . . , k} such that H
′
s\u and H
′
t\v have spanning Euler
families Fs and Ft, respectively. For each i 6= ℓ (in the first case) or i 6∈ {s, t} (in the second
case), let Fi be a spanning Euler family of one of the hypergraphs Hi, H
′
i, H
′
i\u, and H
′
i\v.
Take any i ∈ {1, . . . , k} and let Ci be a cycle decomposition of Fi. Note that if Fi is a
spanning Euler family of H∗i or H
′
i, then by Lemma 3.17 we may assume that Ci contains
at most one cycle requiring completion with respect to S; namely, a cycle of S-type (2,1,1).
Let CSi denote the set of cycles of S-type (2,2,0) in Ci, and construct a family of cycles C
′
i
from Ci as follows.
Case (i): Fi is a spanning Euler family of H
∗
i , that is, i ∈ I. Since H
∗
i contains an odd
number of copies of the edge S, we have that Ci has a unique cycle Ci of S-type (2,1,1); this
cycle traverses one copy of the edge S, while all others are traversed by cycles in CSi . Let
C′i = Ci − (C
S
i ∪ {Ci}). In addition, let Pi be the unique (u, v)-path contained in Ci.
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Case (ii): Fi is a spanning Euler family of H
′
i. Now H
′
i contains an even number of copies
of the edge S, so all of them are traversed by cycles in CSi . Let C
′
i = Ci − C
S
i .
Case (iii): Fi is a spanning Euler family of H
′
i\x, for x ∈ {u, v}. For each edge e of
H ′i\x, let e
′ be the corresponding edge of H ′i, so that either e
′ = e or e′ = e ∪ {x}. Obtain
C′i from Ci by replacing each edge e in each cycle in Ci by e
′.
Case (iv): Fi is a spanning Euler family of Hi. Obtain C
′
i from Ci by replacing each edge
e in the cycles of Ci by the corresponding edge e
′ ∈ E (so that e = e′ − S).
Since |I| is even, we can concatenate pairs of paths Pi, for i ∈ I, to obtain a family CI
of |I|
2
cycles in H . Furthermore, let CS be a family of
|ES |
2
pairwise edge-disjoint cycles of
S-type (2,2,0) in H . It can then be verified that C = CI ∪ CS ∪
⋃k
i=1 C
′
i is a spanning cycle
decomposition of H , so the result follows by Lemma 3.14(2).
The analogous result for spanning Euler tours in Theorem 3.19 below is proved similarly,
hence we shall only highlight the differences. For a vertex cut S in a hypergraph H , and
a connected component Hi of H\S, we additionally define the S
∗∗-component H∗∗i of H
corresponding to Hi as the hypergraph obtained from the S-component H
′
i by adjoining two
copies of the edge S.
Theorem 3.19 Let H = (V,E) be a hypergraph with a 2-vertex cut S = {u, v}, let ES =
{{e ∈ E : e = S}}, and assume |ES| is even. Let H1, . . . , Hk be the connected components
of H\S; H ′1, . . . , H
′
k the corresponding S-components; H
∗
1 , . . . , H
∗
k the corresponding S
∗-
components, and H∗∗1 , . . . , H
∗∗
k the corresponding S
∗∗-components. Then H admits a span-
ning Euler tour if and only if there exists an even-size subset I ⊆ {1, . . . , k} such that
(1) H∗i admits a spanning Euler tour for each i ∈ I;
(2) for each i 6∈ I, at least one of H ′i and H
∗∗
i admits a spanning Euler tour; and
(3) if I = ∅, then for some i, the hypergraph H ′i admits a spanning Euler tour.
Proof. (⇒) Assume H admits a spanning Euler tour T , and let F = {T}. Define C, Ci (for
i ∈ {1, . . . , k}), CS, and I as in the proof of Theorem 3.18. For each i ∈ {1, . . . , k}, construct
a spanning cycle decomposition C′i of one the hypergraphs H
′
i, H
∗
i , and H
∗∗
i as follows.
Case (i): i ∈ I. This is identical to Case (i) of the proof of Theorem 3.18.
Case (ii): i 6∈ I and ES 6= ∅. This is identical to Case (ii) of the proof of Theorem 3.18.
Case (iii): i 6∈ I and ES = ∅. Observe that, since the incidence graph G(C) of C is
connected, the cycles in Ci jointly traverse at least one vertex in S. Let CS be a cycle in H
∗∗
i
of S-type (2,2,0). Then C′i = Ci ∪ {CS} is a spanning cycle decomposition for H
∗∗
i .
Since in each case G(C′i) contains a (u, v)-path, it is connected. Hence by Lemma 3.14(3),
C′i is a cycle decomposition of a spanning Euler tour of the corresponding hypergraph, and
17
(1)-(2) follow. Suppose I = ∅. If ES 6= ∅, then clearly C
′
i is a spanning cycle decomposition for
H ′i for each i. If ES = ∅, then T must contain, for some i, a (u, v)-subtrail that traverses only
edges in H ′i. Consequently, G(Ci) is connected, and hence Ci itself is a cycle decomposition
of a spanning Euler tour of H ′i. Thus (3) follows as well.
(⇐) Assume there exists an even-size subset I ⊆ {1, . . . , k} such that (1)-(3) hold. If
I 6= ∅, then for each i ∈ I, let Ti be a spanning Euler tour of H
∗
i , and for each i 6∈ I, let Ti
be a spanning Euler tour of one of the hypergraphs H ′i and H
∗∗
i . If I = ∅, let ℓ be such that
H ′ℓ admits a spanning Euler tour Tℓ and for each i 6= ℓ, let Ti be a spanning Euler tour of
one of the hypergraphs H ′i and H
∗∗
i .
Take any i ∈ {1, . . . , k}, let Ci be a cycle decomposition of {Ti} containing at most one
cycle requiring completion, and proceed as in the proof of Theorem 3.18.
Case (i): Ti is a spanning Euler tour of H
∗
i . This is identical to Case (i) of the proof of
Theorem 3.18.
Case (ii): Ti is a spanning Euler tour of H
′
i or H
∗∗
i . Now the hypergraph contains an even
number of copies of the edge S, so all of them are traversed by cycles in CSi . Let C
′
i = Ci−C
S
i .
Construct a spanning cycle decomposition C = CI∪CS∪
⋃k
i=1 C
′
i of H as before. Note that
each G(C′i) has at most two connected components (one containing u and one containing v).
If I 6= ∅, then CI is non empty and it follows that G(C) is connected. If I = ∅, then G(Cℓ) is
connected, contains both of u and v, and is a subgraph of G(C), whence it follows that G(C)
is connected. Hence, by Lemma 3.14(3), C is a cycle decomposition of a spanning Euler tour
of H .
It remains to state and prove results analogous to Theorems 3.18 and 3.19 for |ES| odd.
Theorem 3.20 Let H = (V,E) be a hypergraph with a 2-vertex cut S = {u, v}, let ES =
{{e ∈ E : e = S}}, and assume |ES| is odd. Let H1, . . . , Hk be the connected components of
H\S; H ′1, . . . , H
′
k the corresponding S-components; and H
∗
1 , . . . , H
∗
k the corresponding S
∗-
components. Then H admits a spanning Euler family if and only if there exists an odd-size
subset J ⊆ {1, . . . , k} such that
(1) H ′i admits a spanning Euler family for each i ∈ J ; and
(2) for each i 6∈ J , at least one of Hi and H
∗
i admits a spanning Euler family.
Proof. (⇒) Assume H admits a spanning Euler family F . By Lemma 3.17, there exists
a cycle decomposition C of F such that for each i ∈ {1, . . . , k}, the set Ci = {C ∈ C :
e ∩ V (Hi) 6= ∅ for some e ∈ E(C)} contains at most one cycle requiring completion, and C
contains exactly one cycle of S-type (2,1,1). Let CS = {C ∈ C : E(C) = {S}} and observe
that the cycles in CS traverse all but one of the edges of ES.
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Let I be the set of indices i ∈ {1, . . . , k} such that Ci has a cycle of S-type (2,0,2), and
observe that |I| is even. Furthermore, let ℓ be the unique index such that Cℓ has a cycle of
S-type (2,1,1), and let J = I ∪ {ℓ}.
Take any i ∈ {1, . . . , k}. In each case we construct a spanning cycle decomposition C′i of
one of the hypergraphs Hi, H
′
i, and H
∗
i .
Case (i): i ∈ I. Then Ci contains a unique cycle Ci requiring completion, namely, of
S-type (2,0,2). Let Pi be the unique (u, v)-path in Ci whose internal vertices lie in Hi.
Complete Pi to a cycle C
′
i of S-type (2,1,1) in H
′
i using the copy of the edge S not traversed
by any cycle in CS. Then C
′
i = (Ci−{Ci})∪ CS ∪ {C
′
i} is a spanning cycle decomposition for
H ′i.
Case (ii): i = ℓ. Then Ci contains a unique cycle Ci requiring completion, namely, of
S-type (2,1,1). It follows C′i = Ci ∪ CS is a spanning cycle decomposition for H
′
i.
Case (iii): i 6∈ J and Ci has a cycle traversing some vertex in S. Note that none of the
cycles in Ci traverse the edges of ES. Let C
′
S be a family of
|ES|+1
2
pairwise edge-disjoint
cycles of S-type (2,2,0) in H∗i . Then C
′
i = Ci ∪ C
′
S is a spanning cycle decomposition for H
∗
i .
Case (iv): i 6∈ J and Ci has no cycles traversing vertices of S. Obtain a spanning cycle
decomposition C′i for Hi by replacing every edge e in every cycle in Ci with e− S.
By Lemma 3.14(2), each C′i is a cycle decomposition of a spanning Euler family for the
corresponding hypergraph. Hence (1) and (2) follow.
(⇐) Assume there exists an odd-size subset J ⊆ {1, . . . , k} such that (1) and (2) hold.
For each i ∈ J , let Fi be a spanning Euler family of H
′
i, and for each i 6∈ J , let Fi be a
spanning Euler family of one of the hypergraphs Hi and H
∗
i .
Take any i ∈ {1, . . . , k} and let Ci be a cycle decomposition of Fi. Note that, since |ES|
is odd, if Fi is a spanning Euler family of H
∗
i , then we may assume by Lemma 3.17 that
Ci contains no cycles requiring completion with respect to S, and if Fi is a spanning Euler
family of H ′i, then Ci contains exactly one cycle requiring completion; namely, a cycle of
S-type (2,1,1). Let CSi denote the set of cycles of S-type (2,2,0) in Ci, and construct a family
of cycles C′i from Ci as follows.
Case (i): Fi is a spanning Euler family of H
∗
i , so i 6∈ J . Note that all |ES|+ 1 copies of
the edge S are traversed by the cycles of S-type (2,2,0) in CSi . Let C
′
i = Ci − C
S
i .
Case (ii): Fi is a spanning Euler family of H
′
i, so i ∈ J . Let Ci be the unique cycle of
S-type (2,1,1) in Ci, and Pi the unique (u, v)-path contained in Ci. Let C
′
i = Ci− (C
S
i ∪{Ci}).
Case (iii): Fi is a spanning Euler family of Hi. Obtain C
′
i from Ci by replacing each edge
e in the cycles of Ci by the corresponding edge e
′ ∈ E (so that e = e′ − S).
Choose an index ℓ ∈ J and let I = J − {ℓ}. Since |I| is even, we can concatenate pairs
of paths Pi, for i ∈ I, to obtain a family CI of
|I|
2
cycles in H . Complete Pℓ to a cycle Cℓ
by adjoining one copy of the edge S, and let CS be a family of
|ES |−1
2
pairwise edge-disjoint
cycles of S-type (2,2,0) in H that jointly traverse the remaining copies of the edge S. It can
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then be verified that C = CI ∪ {Cℓ} ∪ CS ∪
⋃k
i=1 C
′
i is a spanning cycle decomposition of H .
Again, the analogous result for spanning Euler tours, Theorem 3.21 below, requires only
a few modifications.
Theorem 3.21 Let H = (V,E) be a hypergraph with a 2-vertex cut S = {u, v}, let ES =
{{e ∈ E : e = S}}, and assume |ES| is odd. Let H1, . . . , Hk be the connected components of
H\S; H ′1, . . . , H
′
k the corresponding S-components; and H
∗
1 , . . . , H
∗
k the corresponding S
∗-
components. Then H admits a spanning Euler tour if and only if there exists an odd-size
subset J ⊆ {1, . . . , k} such that
(1) H ′i admits a spanning Euler tour for each i ∈ J ; and
(2) H∗i admits a spanning Euler tour for each i 6∈ J .
Proof. (⇒) Assume H admits a spanning Euler tour T , and let F = {T}. Define C, Ci
(for i ∈ {1, . . . , k}), CS, I, ℓ, and J as in the proof of Theorem 3.20.
Take any i ∈ {1, . . . , k} and construct a spanning cycle decomposition C′i of one of the
hypergraphs H ′i and H
∗
i .
Case (i): i ∈ J . This is identical to Cases (i) and (ii) in the proof of Theorem 3.20.
Case (ii): i 6∈ J . Observe that Ci has a cycle traversing some vertex in S, but none of
the cycles in Ci traverse the edges of ES. We construct C
′
i, a spanning cycle decomposition
for H∗i , as in Case (iii) of the proof of Theorem 3.20.
In each case, it can be verified that G(C′i) is connected, whence C
′
i is a cycle decomposition
of a spanning Euler tour of the corresponding hypergraph. Hence (1) and (2) follow.
(⇐) Assume there exists an odd-size subset J ⊆ {1, . . . , k} such that (1) and (2) hold,
and choose any ℓ ∈ J . For each i ∈ J , let Ti be a spanning Euler tour of H
′
i, and for each
i 6∈ J , let Ti be a spanning Euler tour of H
∗
i . Let Fi = {Ti} and proceed as in the proof
of Theorem 3.20 to construct a spanning cycle decomposition C of H . Observe that, since
G(Cℓ) contains both vertices in S and is a connected subgraph of G(C), the latter graph is
connected and C is a cycle decomposition of an Euler tour of H .
4 Conclusion
We showed that the presence of small vertex cuts allows for the reduction of the problem of
existence of a spanning Euler family (tour) in a hypergraph H to its derived hypergraphs.
We would hereby like to propose that a similar reduction may be possible in the presence of
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particular edge cuts in H , which would extend a similar analysis for Euler families (tours)
and cut edges initiated in [2, 1].
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